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Abstract. A canonical analysis of RG improved action of the Einstein-Hilbert functional
is performed. The gravitational and cosmological constants as function of the space-time
coordinates are treated as external non-geometrical fields. Dirac’s constraint analysis is
performed, in the general case, up to secondary constraints. The constraints are second
class and, in general, the problem appears to be technically complicated. This fact suggests
studying the Dirac’s constraint analysis of the related Brans-Dicke theory. It exhibits a Dirac’s
constraint algebra similar to Einstein’s geometrodynamics except that the Poisson Brackets
between Hamiltonian-Hamiltonian constraints is not only linear combination of the momentum
constraints but also of a term note reducible to linear combination of the constraint and
proportional to the extrinsic curvature. This shows that Branse-Dicke geometrodynamics is
inequivalent to Einstein General Relativity geometrodynamics.
A simplified FLRW minisuperspace model based on the RG improved Einstein Hilbert action
contains Bouncing and Emergent Universes for values of K = −1, 0, 1
1. Introduction
Einstein General Relativity appears to be a successful phenomenological theory at laboratory,
solar system, galactic and in general at distances bigger than the Planck length l >> lPl ≡
1√
G
≈ 10−33cm.. All the classical tests, precession of Mercury, bending of the light rays close
to massive bodies [1], and the recent detection of the Gravitational Waves [2], attest Einstein
General Relativity is a sound classical theory. But as it is even known at the popular level [3],
Einstein General Relativity has an initial singularity. This fact means that General Relativity
is no longer predictive around the singularity. People have speculated that this breakdown of
the physical laws signals the emergence of a new physics. Although the previous statement is
still matter of debate, certainly it is quite well known that matter at atomic and subatomic
level behaves according to the laws of Quantum Mechanics. The attempt to formulate a sound
Quantum Theory of Gravity (Quantum Gravity) is as yet unrealized. There are many different
attempts: String Theory, Loop Quantum Gravity, Non-Commutative Geometry, Dynamical
Triangulation and Causal Dynamical Triangulations, Asymptotic Safety etc. None of these
approaches have come yet to a final theory of Quantum Gravity which satisfies the expectations
of the entire scientific community.
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Quantized General Relativity, along the guidelines of Quantum Field theory, is perturbatively
non-renormalizable. The Newton constant G has the dimension of the inverse of a square length.
Therefore, we have to add a number of counter terms which increase as the loop orders do. The
renormalizzation process introduces infinitely many parameters so that the resulting theory
does not have any predictive power [4]. In general a theory is considered ”fundamental” if it
is perturbatively renormalizable. This means that its infinities can be absorbed by redefining a
finite number of parameters. It follows that Quantum General Relativity is not a fundamental
theory in this sense. But this is not the end of the story, because there exist fundamental
theories which are non-perturbatively renormalizable. This non-perturbative renormalizability,
introduced by K. Wilson [5], is related to the existence of a Non-Gaussian Fixed Point (NGFP)
in the space of the parameters which guarantee the finiteness of the theory in the ultraviolet
limit[6].
Stephen Weinberg [7] proposed the Asymptotic Safety conjecture. He suggested that Einstein
General Relativity might be defined non-perturbatively at the non-Gaussian fixed point . He
himself proved that NGFP exists in 2+ dimensions [7]. In d=4 there has been no progress
because of the lack of a calculation scheme. Recently, [8], progress has been made using the
“effective average action”. Implementing the “Einstein Hilbert Truncation”[9], it has been shown
that there is a NGFP. There is strong evidence that the fixed point exists in the exact theory
as well.
2. Renormalization Group approach
A Wilson-type, coarse-grained, free energy functional Γk [gµν ] is defined in the following way:
Γk [gµν ] contains all the quantum fluctuations with momenta p > k and not yet of those with
p < k [10]. The modes p < k are suppressed in the path-integral by a mass-square type term
Rk(p
2). The behavior of the free-energy functional interpolates between Γk 7→∞ = S, S being
the classical (bare) action, and Γk 7→0 = Γ, Γ being the standard effective action. Γk satisfies the
RG-equation, called also the Wetterich equation [11],
k∂kΓk =
1
2
Tr
[
(δ2Γk +Rk)
−1k∂kRk
]
(1)
In general, since thisRG-equation is very complicated, one adopts a powerlul non perturbative
approximation scheme: truncates the space of the action functional and projects the RG flow
onto a finite dimensional space. That is to say, one considers that the free energy functional Γk,
formally, can be expanded in the following way
Γk[·] =
N∑
i=0
gi(k)k
diIi[·] , (2)
where Ii[·] are given local or non local functionals” of the fields and a-dimensional coefficients
gi(k). In the case of gravity, the following truncation antsatz is usually made:
I0[g] =
∫
d4x
√
g , I1[g] =
∫
d4x
√
gR , I2[g] =
∫
d4x
√
gR2 , etc. (3)
The simplest truncation is the Einstein-Hilbert truncation which looks like
Γk = − 1
16piGk
∫
d4x
(
R− 2λ¯k
)
+ g.f.+ g.t. , (4)
here g.f. are classical gauge fixing terms, while g.h. are ghost terms. There are two
running parameters Gk, the Newton constant, which can be written in a dimensionless way
as g(k) = k2Gk. In the same manner, the cosmological constant λ¯k becomes λ(k) = λ¯k/k
2.
Inserting this ansatz into the flow (Wetterich) equation, one obtains ”a projection” onto e
finite dimensional space [6]
Tr[...] = (...)
∫ √
g + (...)
∫ √
gR+ ... , (5)
and then the following finite-dimensional RG equations
k∂kg(k) = βg(g, λ) (6)
k∂kλ(k) = βλ(g, λ) .
The solutions of these equations provide the scaling relation for the a-dimensional
gravitational constant g(k) and the a-dimensional cosmological constant λ(k).
A point (g?, λ?) is a NGFP if it is a non trivial zero of the beta-functions, that is
βg(g?, λ?) = 0 βλ(g?, λ?) = 0 and (g?, λ?) 6= 0.
3. Reuter-Weyer action proposal and its Hamiltonian
Reuter and Weyer [12] proposed a modified Einstein-Hilbert action with a non geometrical field
G(x) and Λ(x).
SmEH [g,G(x),Λ(x)] ≡ 1
16pi
∫
d4x
√−g
(
R
G(x)
− 2 Λ(x)
G(x)
)
. (7)
They made the hypothesis that the functional form of the gravitational constant, as function
of the Space-Time coordinates, and of the cosmological constant are determined completely by
the Renormalization Group and are independent of the metric tensor g. In other words, the
variation of the metric tensor g in the action functional SmEH does not affect G(x) and Λ(x).
Looking carefully to the action (7) and positing φ(x) = 1G(x) , it looks like a Brans-Dicke[13]
theory without the kinetic term for the scalar field φ(x). Reference [12] discusses the fact that
the equation of motion of this theory should impose integrability condition on G(x) and Λ(x).
Since the functional form of G(x) and Λ(x) is fixed once we make the cut-off identification k(x),
the equation of motion finally will put constraints on the cut-off identification.
We want to study the Hamiltonian Theory (see also [14] for a parallel study) derived by this
action.
The first step of this process is to consider a split of the Space-Time (M, g) in which the
manifold M becomes ,topologically, M = R×Σ: R is a one dimensional space, the time direction,
Σ is a three dimensional space-like surface embedded in M ,and g becomes the so called ADM
[15] metric
g = −(N2 −NiN i)dt⊗ dt+Ni(dxi ⊗ dt+ dt⊗ dxi) + hijdxi ⊗ dxj , (8)
N = N(t, x) is the so called lapse function and N i = N i(t, x) are the shift functions.
The York-boundary term [16] is introduced in the action (7) to make it a differential functional
under the variation δg af the metric g, then, implementing the ADM metric, the action functional
becomes
SADM [hij , N,N
i] =
1
16pi
∫
R×Σ
dtd3x
√
hN
1
G(t, x)
(
4R− 2Λ(t, x))+ 1
8pi
∫
∂M
K
√
h
G(t, x)
d3x . (9)
Now we introduce some identities as in [17]
1G
(
K
√
h
)
,0 =
G,0
G2
K
√
h+
(
K
√
h
G
)
,0
(10)
1
G
∂f i
∂xi
=
G,i
G2
f i +
∂
∂xi
(
f i
G
)
. (11)
Here K is the trace, performed via the three dimensional metric hij on the three surface Σ,
of the extrinsic curvature tensor
Kij =
1
2
(−∂hij
∂t
+ ∇¯iNj + ∇¯jNi) (12)
∇¯iNj is the covariant derivative on the space-like surface defined through the three-
dimensional metric hij and f
i is a vector function defined in the following way [18] [17]
f i ≡
√
h
(
KN i − hijN,j
)
. (13)
The ADM Lagrangian density LADM is then (for all details see [19])
LADM ≡ 1
16pi
[
N
√
h
G
(KijK
ij −K2 + (3)R− 2Λ)− 2G,0
G2
K
√
h+ 2
G,if
i
G2
]
. (14)
from this Lagrangian density, we can compute the spatial momentum piij and get
piij =
∂LADM
∂h˙ij
= −
√
h
16piG
(
Kij − hijK)+ √h hij
16piNG2
(
G,0 −G,kNk
)
. (15)
In a straight-forward, [19], it is possible to see that the following re-definition of the spatial
momenta
p˜iij = piij −
√
h hij
16piNG2
(
G,0 −G,kNk
)
= −
√
h
16piG
(
Kij − hijK) (16)
allows the definition of the following transformation of coordinates(
N,N i, hij , pi, pii, pi
ij
) 7→ (N,N i, hij , pi, pii, p˜iij) , (17)
which can be shown to be canonical [19]. In these coordinates, the Hamiltonian density is
HADM = N
(
(16piG)Gabcdp˜i
abp˜icd −
√
h(3R− 2Λ)
16piG
)
+ 2p˜iab∇¯aNb (18)
+
√
h(G,0 −G,kNk)∇¯aNa
8piG2N
+
G,i
√
hhij
8piG2
N,j ,
Gabcd is the DeWitt supermetric
It is straightforward to show that the primary constraint are pi ≈ 0 and pii ≈ 0. The
Hamiltonian constraint H and the momentum constraint H〉 are, respectively,
H = (16piG)Gabcdp˜iabp˜icd −
√
h(3R− 2Λ)
16piG
−
√
h(G,0 −G,kNk)∇¯aNa
8piG2N2
−∇j
(
G,i
√
hhij
8piG2
)
(19)
Hi = −2∇¯ap˜iai +
√
h(−G,i)∇¯aNa
8piG2N
−
√
h∇¯i
(
G,0−G,kNk
8piG2N
)
. (20)
The constraints analysis does not close at the secondary level. It easy to notice that the
constraints are second class. At this step the invariance under diffeomorphism appears broken
since we have introduced G(x) and Λ(x) which allows us to distinguish space-time points (we
thank M. Reuter for this remark). In fact, for example, if we compute the variation of the three
metric hij and its momentum p˜iij generated by the momentum constraints Hi
{hij ,
∫
d3xN˜ iHi} = LN˜hij , (21)
{
p˜iij ,
∫
d3xN˜ iHi
}
= LN˜p˜iij + ∇¯a
[
N˜ s
2
(
G, s
8piG2N
)
Nahij
√
h
]
, (22)
and it is clear that the momenta constraints are not the generators of the space symmetries.
A way to get out from all these technical difficulties is to consider instead of a general ADM
metric (8), an ADM metric in Gaussian normal coordinates [20][21]
g = −N2(t)dt⊗ dt+ hijdxi ⊗ dxj . (23)
Basically we are putting the shift functions N i to zero, that is we are doing a gauge fixing
on the spatial diffeomorphisms. The Hamiltonian density HADM then reduces to
HADM = N
(
(16piG)Gabcdp˜i
abp˜icd −
√
h((3)R− 2Λ)
16piG
)
, (24)
and the Hamiltonian constraint H is just the quantity multiplied by the shift function N ,
H =
(
(16piG)Gabcdp˜i
abp˜icd −
√
h((3)R− 2Λ)
16piG
)
. (25)
Momenta constraints are absent and the constraint algebra easily closes.
4. Hamiltonian analysis of Brans-Dicke theory
The difficulties faced in the previous Hamiltonian Analysis of the Reuter-Weyer modified
Einstein-Hilbert action suggest exploring the analogous Brans-Dicke theory in the ”non singular
case” when Brans-Dicke is equivalent to tree level effective gravity from String Theory coupled
to a dilaton field [22]. In this case, the field φ(x) is dynamical with respect to the Reuter-
Weyer action functional, and it has a kinetic term and a potential U(φ). We also included a
York-boundary term.
S =
1
4q2
[∫
M
d4x
√−g
(
φ2 (4)R+ 4gµν∂µφ∂νφ− U(φ)
)
+ 2
∫
∂M
d3x
√
hφ2K
]
. (26)
Its ADM decomposition, following the lines of the previous Reuter-Weyer ADM
decomposition, is
SADM =
∫
t×Σ
dtd3xN
√
h
(
φ2(3)R+ φ2KijK
ij − φ2K2 − 4
N2
(∂0φ)
2 (27)
8
N2
N i∂0∂iφ+ 4∂iφ∂
iφ− 4N
iN j
N2
∂i∂jφ+
4
N
φφ,0K − 4√
hN
φφ,i f
i − U(φ)
)
.
We can now compute the momenta associated to N , N i, hij and φ, and so we get
piN ≡ ∂LADM
∂N˙
≈ 0 (28)
piN i =
∂LADM
∂N˙ i
≈ 0 (29)
piij =
∂LADM
∂h˙ij
= −
√
h
4q2
φ2Kij +
1
4
φpiφh
ij (30)
piφ =
∂LADM
∂φ
=
√
h
2q2N
(
∂0φ−N i∂iφ− N
2
φK
)
(31)
the first four momenta are primary constraints in close analogy to Einstein General Relativity.
The total Hamiltonian HT is
HT =
∫
d3x
(
λpiNpiN + λ
i
piNi
piN i +NH+N iHi
)
(32)
where the Hamiltonian Constraint H and the momentum constraints Hi are, respectively,
H = 4q
2
√
hφ2
piijpiij− 2q
2
√
hφ
pipiφ−
√
h
4q2
φ2 (3)R+
q2
2
√
h
pi2φ−
√
h
4q2
∂iφ∂iφ+
√
h
q2
∇i(φφ,i )+
√
h
4q2
U(φ), (33)
Hi = −2∇jpiji + piφ∂iφ . (34)
Here with pi we have indicated the trace of piij . Following [23] one can show that the
momentum constraints are the generators of the space diffeomorphisms on the three-dimensional
surfaces
{hij ,
∫
d3yN lHl} = (LNh)ij , (35)
{piij ,
∫
d3yN lHl} = (LNpi)ij . (36)
These observations [23] allow, very easily, the computation of the following commutators
{Hi(x),Hj(x′)} = Hi(x′)∂jδ(x, x′)−Hj(x)∂iδ(x, x′) (37)
{H(x),Hj(x′)} = −H(x′)∂′jδ(x′, x) . (38)
The difficult part of this calculation is, as usual in Hamiltonian theories of General Relativity,
the evaluation of the Poisson brackets between the Hamiltonian-Hamiltonian constraints. We
have found the following result
{H(x),H(x′)} = Hi(x)∂iδ(x, x′)−Hi(x′)∂′iδ(x, x′) + χi(x)∂iδ(x, x′)− χi(x′)∂′iδ(x, x′) , (39)
where χi(x) is defined as
χi(x) ≡ (∇klog(φ2(x))) (8piik(x)− 2hikφ(x)piφ(x)) . (40)
These Poisson brackets contain a first piece that is a linear combination of the momenta
constraints as in Einstein General Relativity but also extra terms proportional to the extrinsic
curvature Kij , as we can easily see looking at (30). Einstein General Relativity formulated
into the Hamiltonian formalism through the ADM picture (3 + 1 decomposition) has secondary
constraints, the momenta and the Hamiltonian constraints, which are first class (see ref. [23]
[24]). The algebra, through the Poisson brackets, of all Dirac’s constraints of Einstein General
Relativity is linear combination of the constraints [23], [24]. Therefore we conclude non-singular
Brans-Dicke theory is, from a canonical point of view, completely different with respect to
Einstein General Relativity. This feature was already highlighted by a seminal paper, in
canonical analysis of Einstein General Relativity, by Hojman, Kuchar and Teitelboim [25] (we
are grateful to A.Kamenshchik for pointing out this reference to us). They started from a
generic scenario of a Hamiltonian geometrodynamic. Here the hypothesis is to consider a three-
dimesional space-like surface Σ embedded in the four dimensional Lorentzian manifolds M . Σ
evolves varing the shifts functions N i and the Lapse function N . Let’s call these variations,
respectively, δN i and δN . The three metric hij and its conjugated momenta pi
ij are the
sole canonical variables. The momenta constraints Hi and the Hamiltonian constraint H are
functions only of the canonical variables hij and pi
ij and they are the generators , respectively,
of the variations induced by the shifts δN i and the lapse δN . The four constraints obey the
following commutations relations
{Hi(x),Hj(x′)} = Hi(x′)∂jδ(x, x′)−Hj(x)∂iδ(x, x′)
{H(x),Hj(x′)} = −H(x′)∂′jδ(x′, x)
{H(x),H(x′)} = Hi(x)∂iδ(x, x′)−Hi(x′)∂′iδ(x, x′) (41)
then Einstein geometrodynamics is the only theory which satisfies all the above conditions.
This results remains the same in case we consider Einstein General Relativity coupled to a
field φA in a ”non derivative gravitational way” [26]. This signifies that if H(T ) is the total
Hamiltonian and H(M) the matter part containing φA, then a “non derivative gravitational
coupling”means the total Hamiltonian H(T ) can be decomposed as a part that depends only on
the geometrical variable hij and pi
ij , and another one, H(M), that depends by φA, pi
A and gij as
below [26].
H(T ) = H(gij , pi
ij) +H(M)(gij , φA, pi
A) (42)
In [25] page 131 the authors themselves recognise that the previous condition does not hold
for Brans-Dicke theory.
5. Cosmological application to the sub-Planck Era
We are now ready to apply the previous considerations to a specific Friedman Lemaitre
Robertson Walker (FLRW) minisuperspace model of RG improved Reuter-Weyer action with
matter following [27] (the reader is advised to look to this reference for all the technical details).
Just to fix the ideas, we start from the Einstein-Hilbert action (7) now in presence of matter Lm
with the York boundary term on the boundary ∂M of a four dimensional Lorentian Manifold
(M, g)
S =
∫
M
d4x
√−g
{
R− 2Λ(k)
16piG(k)
+ Lm
}
+
1
8pi
∫
∂M
K
√
h
G(k)
d3x , (43)
and consider a FLRW metric with a lapse function N(t)
ds2 = −N2(t)dt2 + a(t)
2
1−Kr2dr
2 + a(t)2(r2dθ2 + r2 sin θdφ2) . (44)
Let’s suppose matter made of a barotropic perfect fluid, with density ρ, pressure p and
equation of state p = wρ, w being constant. Imposing the conservation of the matter stress
energy-momentum tensor Tµν;ν = 0 we get ρ = ma−3−3w, m being an integration constant.
The matter Lagrangian density is then [28] Lm = −mNa−3w. Manrique et al. [29] have
proposed a cut off identification which is proportional to the eigenvalue of the Laplacian on the
there dimensional ADM spatial-like surfaces k∼ 1a . Implementing these considerations into the
Lagrangian (43), the corresponding point Lagrangian Lg is
Lg = − 3 aa˙
2
8piN(t)G(a)
+
3 aNK
8piG(a)
− a
3NΛ(a)
8piG(a)
− 2Nm
a3w
+
3 , a2a˙2G′(a)
8piNG(a)2
. (45)
We highlight FLRW metric (44) is a particular case of ADM-metric tensor in Gaussian
normal coordinates (23). Therefore the Hamiltonian structure should be the same described
by (24). This is not completely true, since G(a) and Λ(a) are now functionally dependent
on the dynamical variable a(t) and not determined completely by the Renormalization Group.
Therefore, strictly speaking, it is not a particular case of the Reuter-Weyer improved Einstein-
Hilbert action. An “ad hoc”Dirac’s constraint analysis is needed. Performing it [27] [19], a
primary constraint pi ≈ 0, related to the lapse N , and a secondary constrain H, that turns
to be the Hamiltonian constraint, they have been found. Both are first class (see [27]) for all
the technical details). The Hamiltonian constraint H = 0 gives the RG-improved Quantum
Freedman equation
K
a2H2
− 8piG(a) ρ+ Λ(a)
3H2
+ η(a) + 1 = 0 . (46)
The main difference of this equation with respect to the Freedman equation is the appearance
of a factor η(a) = −aG′(a)G(a) , the anomalous dimension. K takes values −1, 0, 1 according to
hyperbolic, flat, closed universes. H =
(
a˙
a
)
is the Hubble term. The equation of evolution for
a(t) becomes
a˙2 = −V˜K(a) ≡ −K + V (a)
η(a) + 1
where V (a) =
a2
3
(8piG(a) ρ+ Λ(a)) (47)
Notice the allowed region for dynamical evolution is V˜K(a) ≤ 0. Close to the non-Gaussian
fixed point, using the cut off k ∼ 1a , the following approximate solutions for RG-equation are
deduced [30]
G(a) ' G0
(
1 +G0 g
−1∗ a−2
)−1
Λ(a) ' Λ0 + λ∗a−2 , (48)
where (G∗,Λ∗) is the value of the Gravitational and Cosmological constant at the non-
Gaussian fixed point. (G0,Λ0) are the infrared values of the Gravitation and Cosmological
constants and coincide with the observed values.
In the radiation dominated era w = 13 , the condition for Bouncing Universes V˜K(a) = 0 and
then a˙(tb) ≡ a˙b = 0 (see [27]), ([19]) for all the details) has two real solution with non negative
real part
a2b = −
G0Λ0 + g∗(λ∗ − 3K)
2g∗Λ0
±
√(
G0Λ0 − g∗(λ∗ − 3K)
2g∗Λ0
)2
− 8pimG0
Λ0
. (49)
10 20 30 40 50 60
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-0.3
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Figure 1. The effective potential V˜K(a) for a bouncing universe (black), emergent universe
(red), singular universe (blue), for K = 0, w = 1/3, g∗ = 0.1, λ∗ = −0.5 and m = 3. Black, red
and blue correspond to Λ0 = 2× 10−4, Λ0 = 8.3× 10−4 and Λ0 = 1.5× 10−3 respectively.
The special condition for having “Emergent Universes ”[31], [27] is a˙b = a¨b = 0. Of course
a2b has to be positive, that is
λ∗ − 3K < −G0Λ0
g∗
. (50)
In Classical General Relativity λ∗ = 0 implies only closed universes K=1 are possible. The
sub-Planckian regime in Asymptotic Safety allows, in some coupling of gravity with matter [32],
λ∗ to have a negative value so that K=0 and K=-1 are possible as well, which is a feature only
of quantum era.
We can now study the behaviour of the early emergent universe close to ab linearizing the
quantum equation (47) around ab. The approximate equation is then:
a˙2 =
4g∗a2bΛ0
3
(
g∗a2b −G0
)(a− ab)2 , (51)
then the general solution is
a(t) = ab +  exp
{√
4g∗a2bΛ0
3
(
g∗a2b −G0
) t} , (52)
 being an integration constant. It is evident that (52) exibits an emergent universe scenario:
there is a minimal radius ab and an everlasting (eternal) exponential evolution of the scale factor
a(t). There is no need of a model with an “ad hoc”inflation. The density parameter can be
written
Ω− 1 = 3
(
g∗a2b −G0
)
K
4g∗a4bΛ0
e−2Ne . (53)
The number Ne of e-folds is
Ne ' log
(

ab
exp
{√
4g∗a2bΛ0
3
(
g∗a2b −G0
) te}) , (54)
where te is the cosmic time at the inflation exit.
6. Conclusions
Hamiltonian analysis of the Reuter-Weyer improved Einstein-Hilbert action has been performed.
G and Λ have been treated as external non-geometrical fields. The Dirac’s constraint analysis
of Reuter-Weyer improved Einstein Hilbert action has been carried out up to the secondary
constraint level of the Dirac’s constraint analysis. It looks quite complicated and the constraints
appear to be second class. This theory behaves much better if we use “Gaussian Normal
Coordinates”. There exists a Hamiltonian constraint and it is first class. The difficulties
emerged in the constraint analysis of the Reuter-Weyer improved Einstein-Hilbert action suggest
the Dirac’s constraint analysis of Brans-Dicke theory. This shows a geometrodynamics with
momentum constraints and Hamiltonian constraint as in Einstein General Relativity but with
Dirac’s constraint algebra inequivalent. In fact the Poisson brackets of the Hamiltonian-
Hamiltonian constraints are not only reducible to linear combination of constraints. Then, we
conclude, the two theories, Einstein General Relativity and Brans-Dicke theory, look inequivalent
as canonical (Hamiltonian) theories.
The simple FLRW minisuperspace model based on the Reuter-Weyer improved Einstein-
Hilbert action functional exibits bouncing and emergent universes for K = 0 and K = −1,
which are impossible to get in classical Einstein General Relativity.
Future directions to explore are a better study of Dirac’s constraint analysis of the improved
Reuter-Weyer Einstein-Hilbert action functional, in particular the role of the G(x) and Λ(x) as
external fields. A better understanding of the Dirac’s constraint analysis of Brans-Dicke theory
and the ”questio disputata” of the equivalence between the Jordan frame and the Einstein frame.
Finally, proceeding along these lines, it could be also quite interesting to study ADM analysis
of a Black Hole mini-supersapce models based on the improved Reuter-Weyer Einstein Hilbert
action functional, which could indicate interesting features as Bouncing and Emergent Universes
in the case of RG improved FLRW model in the ADM formalism.
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